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Summary

Confidence intervals for population parameters such as mean and variance are acommon
datigtical tool. These limits are used to make conclusions about population parameters.
However, sometimes we are interested in developing limits for individua observations from a
population. A tolerance interva determines the proportion of the population that falls within the
interva. A ample example of this digtinction is the landing distance of an aircraft on arunway.
An upper confidence bound for the mean would give us an upper limit on the average stopping
distance of dl landings. A tolerance interva, on the other hand, determines an upper bound on
the distance in which some percentage of individua landings will not exceed. Thefirgt
edtablishes limits on the average landing distance, while the second develops limits for the
proportion of dl individud landings.

Using order gatistics, we will discuss a distribution free method to develop upper and lower
tolerance intervals based on any one of the order statistics. These limits relate to the proportion
of the population that exceed or fal under the particular order satistic. It turns out that the
digtribution of this proportion is a Beta distribution and for the case of the lowest order satitic,
the cumulative digtribution function has ardatively smple form. This procedure will be gpplied
to areal data set.

1. Introduction

Confidence intervals are a popular satistical technique for establishing interva estimates for
parameters of a population. For example, a 95% upper confidence bound for the mean
establishes an upper bound for the population mean. However, sometimes we are interested in

bounds for individua observations of a population and not its parameters. For example,

suppose a tire manufacturer claimed their tires had aminimum life of 30,000 miles. The



manufacturer is claming that each tire from the population of tireswill last more than 30,000
miles, which is much different from daming that the mean life of the tires will exceed 30,000
miles. Toleranceintervas place interva estimates around individua observations.

If we knew the observetions came from anorma distribution and we knew the mean and
gtandard deviation of this distribution, then, back to the tire example, we could say that 97.5%
of the tireswill have alife grester than m- 1.96s miles. Often we do not know the parameters
of the digtribution or even the digtribution itsdf. A tolerance interva uses sample Satigticsin
place of the population parameters. Since the sample statistics are only estimates of the
population parameters, the interva developed from them will have some uncertainty in the
proportion p of the population covered by the interval. Therefore, we assign a confidence level
to the coverage of the interval. The interpretation of the tolerance intervd isthat we are (1-a)%
confident that tolerance interva contains at least a proportion p of the population.
Unfortunatdy, in the preceding discussion we assumed that the population was normaly
digributed. In practice, thisis often unknown. The apped of confidence intervals for
population parametersis that often we can use the centrd limit theorem to conclude the
digtribution of the sample mean is gpproximately norma even though we do not know the
digtribution of the parent population. With the use of order statistics, we will demongrate a
method to devel op an upper or lower tolerance bound. These bounds will not depend on the

distribution of the parent population.



2. Digtribution of theProportion of the Population Exceeding ther™ Order Statistic
To free ourselves of the requirement to know the distribution of the parent population to
develop atolerance interval, we will use order satistics. The r™ order dtatistic is smply ther™

sméllest number in our sample. Daivd (1981) gives the distribution of the r'™ order statistic as

r
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where n isthe sample Sze and f(x) is the probakility dengty function of the random varigble X.
To develop atolerance interva, define p as the proportion of the population that is greater than

the r'™ order statistic, yi:
¥
p=Q f(x)ax )

Using Leibnitz's rule (see Casdlla and Berger (1990)) and Equation 2, Equation 1 istransformed

into the probability dengity of p

n! -1 n-r
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Note that Equation 3 is a Beta distribution with parametersn-r+1 and r. Also, notice that the
digribution of p does not depend on the origina digtribution of X, f(x). Equation 3isthe
probability density function of the proportion of the population that exceed the r'™ order statistic.
Thus, to find the proportion p of the population that exceeds the r'™" order statistic with (1-a)%

confidence, we must solve the following equation for b

Qu(Pdp=1- a



Thisisequivdent to

Qu(pdp=a (@
Equation 4 isthe cumulative Beta diribution with parametersn-r+1 and r. The solution for the
proportion of the population exceeding the r™" order statistic with (1-a)% confidence is smply
the inverse of the cumulative Beta digtribution, written Inver seBeta(a n-r+1yr).
For the case of the first order satistic (r = 1), Equation 3 smplifiesto

g9(p) =np™* O£ p£1 (5)
For thefirst order statistic, Equation 5 is subdtituted into Equation 4 and, after integration, has
the Smple form

b"=a (6)

The proportion of the population that exceeds the first order statistic is the n™ root of the level

of ggnificance. Asan example, if our sample szeis 20 with a =.05, then we can claim that we
are 95% confident that at least 86% (2«9'@) of the population exceeds the smallest order
datigtic.

Equation 6 can dso be used to determine sample Sze. The sample Sze equation is

_In@)
"= (o)

(7)
Figure 1 summarizes these resultsfor a =.05. Itisclear that to achieve b = 1.0, dll
observations will exceed the lowest order satistic, the entire population would have to be

sampled. Because of the logarithmic nature of the curve, amodest sample size of 29 is required

to have b exceed 0.9, but much larger samples are required to achieve smdl increasesin b.
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Figurel: Samplesize curvefor a 95% lower tolerancelimit of thefirst order statistic. Thex-
axisrepresentsthe proportion of the population that exceedsthefirst order statistic. They-axis
isthe sample sizerequired to achieve this cover age.

A smilar andyssfor the upper tolerance bound yidds the distribution of the proportion of the
population that is less than the r™" order dtatistic. The distribution of this proportion is a Beta
digribution with parametersr and n-r+1. Notice that the proportion of the population that is
less than the largest order Stetidtic, r = n, isgiven by Equation 5. Thus Figure 1 can be used to
cdculate the sample sze for lower tolerance interval based on the first order statistic or a upper
tolerance bound based on the largest order statistic.

3. Applications

Nabisco issued a chalenge for their Chips Ahoy! cookies, claming every bag of therr Chips

Ahoy! cookies contain more than 1000 chips. They have chalenged the world to test this



clam. Theintroductory statistic classes at the United States Air Force Academy obtained bags
of Chips Ahoy! cookies from al across Americato meet the challenge. Since the chdlenge
states that each bag contains more than 1000 chips, Nabisco is making a statement about each
bag of cookies. Thus each bag isasngle observation. A lower tolerance limit is the ided tool
for thisandyss. Remember that a confidence interva would not be gppropriate Snce it gives
limits for a population parameter such asthe mean. It would not answer Nabisco's clam to
report that on aver age the bags have more than 1000 chips.

Forty-two bags were tested. Each cookie in the sample was dissolved in water and the number
of chips of chocolate, a chip is defined as any unique piece of chocolate, were counted. The
first order Satidtic, the smdlest number of chipsin the forty-two bags, was 1087. Using
Equation 6, we claim that we are 95% confident that at least 93% of the bags of Chips Ahoy!
cookieswill contain more than 1087 chips. Thisisa powerful statement because it makes no
assumptions about the ditribution of chipsin abag and its conclusion relaes to the population
of individud bags.

There are a couple of observations about our clam. Thefirg isthat we clam a least 93% of
the bags will have more than 1087 chips. It is possible that more than 93% of the bags will
contain more than 1087 chips. Second, our lowest order Statistic was 1087 which is 87 chips
more than the minimum of 1000 claimed by Nabisco. We know that the percentage of bags
which contain more than 1000 chips will be larger than 93%. Findly, we can use Figure 1 or
Equation 7 to caculate how many bags are necessary to increase the proportion to a number
larger than 93%. For example, to raise the proportion that exceed the lowest order Statistic

from 93% to 99% would require 300 bags of cookies. The kneein Figure 1 indicates a point of



diminishing returns where a prohibitively large sample is required for modest gain in the
proportion of the population that exceeds the lowest order Satistic.
4. Summary
In this paper we have demonstrated a method to develop nonparametric one-sided tolerance
limits based on order statistics. For the case of the first order Satigtic, the distribution of the
proportion of the population that exceeds the lowest order statistic has a smple probability
dengty function. The cumulative dendty function can be cdculated and used to cdculate the
tolerance bound or determine sample sizes. We demonstrated this method on the Chips Ahoy!
chdlenge where we were able to clam with 95% confidence that at least 93% of dl bags of
Chips Ahoy! cookies have more than 1087 chips.
The method discussed in this paper dso has potentid usein military gpplications. For example,
in specifying the lower limit of an dtimeter, we would want to use alower tolerance limit and not
aconfidence intervd. The confidence interval would give a bound for the average dtitude while
the tolerance interva would give abound for each flight.
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