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SUMMARY

Most introductory texts on statistics include approximate methods for finding confidence intervals for proportions.
As aresult, these approximate methods have become part of most 6-sigma training programs. Rules of thumbs are
often given for when the approximate method is valid. For example, if n is the sample size and p is the sample
proportion, the approximation is “good” aslong aswe have np3 5 and n(1-p)3 5. However, in many processes that
have continuously been improved, the proportion of defectives is so small that it is impractical to comply with the
rule of thumb. Besides, why should you use an approximate method when an exact one is readily available. This
paper will discuss an easily applied exact method for calculating confidence intervals for proportions. The method is
implemented using Microsoft EXCEL’s built in BETAINV function. In addition, this methodology can be used to help
determine the appropriate sample size needed with pass/fail type of data. Easily programmed (one liners) Microsoft
EXCEL commands will be discussed. The author will make available a copy of his spreadsheet that implements the
methods presented for both one-sided and two-sided confidence intervals.

1. Theproblem

Quadlity professionds are often interested in estimating the population proportion (p ) for some process.
For example, an auditor may look at 90 records and find 3 with errors. Since the 90 records are only a
representative sample, it is best to build a confidence interva for the proportion of records with an

error. The usud confidence interval employed is.
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The point estimate p is obtained from x/n where X is the number of events out of ntrias. Inour

example, x = 3 is the number of bad records out of asample of szen=90. Z, _,, isthe standard

normal vaue associated with the (1- a / 2)100th percentile.



For our scenario we have:
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Kiemde and Schmidt (1993) give the following rule of thumb for using equation (1): the approximetion

isgoodif np3 5and n(1- p) 3 5. Inthisstuaion the rule of thumb has been violated. In addition, the

confidence interva has a negative number for the lower bound. Thisis disturbing because by definition,
a proportion should be non-negative. What should the qudity professond do in this Stuation? When
they refer back to their origind training materid for the answer, they are unlikely to find a solution.
2. The Usual Hand Waiving
When the above rule of thumb does not hold, most introductory texts skirt the issue by saying something
like, violations of this rule of thumb are uncommon, or they may say that methods to address this
problem are beyond the scope of thistext. Montgomery (1994) does not use one of these excuses but
none the less dodges the bullet by saying to use specid software. There is no indication of which
software to use or how to useiit.

In Stuations where this gpproximation is ingppropriate, particularly in caseswherenis

small, other methods must be used. ... However, we prefer to use numerical methods

basad on the binomid probability mass function that are implemented in computer

programs.
In dl these Stuations, the quaity professond isleft with the feding that this problem is beyond their

capabilities and that they need to bring in agatistician. This need not be the case! Next, a method that

most quality professonds could easily implement will be discussed.



3. A Possible Solution
Casdllaand Berger (1990) discuss how a confidence interva can always be obtained. Applying the
theory they develop to a proportion, we have that a (1- a )100% confidence interva can be obtained by
solving for p in the following two equations:
Pnumber of “successes’” £ x| p]=a/2 3
P[number of “successes’ 2 x| p]l=a/2. 4)
The upper confidence limit for p comes from (3) and the lower confidence limit comes from (4).

For our stuation, the “numerical methods’ Montgomery (197?) refersto involves solving the following

equationsforp :
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In generd, the solutions to the above binomia equations are not easily obtained. An efficient way to

solve the above equationsis to employ Newton's method to find the roots of the equations. This

requires specidized software that is neither readily available nor understandable to many practitioners.

It is good news that an easier method exigts. Using integration by parts, it can be shown that if the

random variable X is digtributed binomid(n, p ), then P(X £ x) = P(Y £ 1- p) whereY isbeta(n-x,

x+1). Smilaly, P(X 3 x) =P(W?3 1- p), where W isbeta(n-x+1, X). Thus (3) and (4) become:
P(Y£1-p)=al2 (7)

P(W31-p)=al2. (8)



We know by definitionthat F[Y £ beta,,,(n- X,x+1)] =a /2. Seting 1- p equal to
beta, , (N- X, x+1) and solving for p will give the upper confidence limit. Likewise, the lower
confidence limit can be found by settingl- p equd tobeta, ,,, (n- x+1,x) andsolvingfor p. Thusa

(1- a )200% confidence intervad for p is:

1- beta, ,,(N- Xx+Lx)EpPE1L- beta,,(n- x,x+1) 9
wherebeta, (a,b) isthe betavaue associated with the a th percentile of the beta distribution with

parameters“a’ and “b.” If x=0 then 0 should be used for the lower bound. Likewise, if x=n then take
1 asthe upper bound. For our example theintervad is:
1- beta,, (88, 3)£p £1- beta (87, 4)

Solving thisformulais easy in Microsoft EXCEL! This procedure will be discussed next.
4. Using Excel to Obtain the Interval Estimate
Microsoft EXCEL comes equipped with the inverse beta function (BETAINV). This function can easily
be used to find the upper and lower bounds of our confidence interval. The lower bound is given by the
EXCEL function:

1-BETAINV(.975,88,3).
The upper bound is given by:

1-BETAINV(.025,.87,4).
Using EXCEL, the following interval was obtained:

0.0069£ p £ 0.0943.

It should be noted that the genera form of this confidence interva would not change. It is easy to write

an EXCEL spreadsheet where al you need to specify isthe level of confidence (1- a ), the number of



events (x), and the sample size (n). Extending this method to one-sded intervasis easy, amply don’t
dividea by 2inequation (9).
5. Sample Size
Another nice feature of this confidence intervad isthat it can be used to help the qudity professond
determine gppropriate sample Szesfor sudies. Consder the quaity professona who istrying to
decide how many misslesto test launch in order to prove that the missile reiability is at least 80% with
90% confidence. The qudity professond knows from previous history thet failures arerare. Using the
one-sided lower bound for the proportion of successful launches involves the following EXCEL
function:

1-BETAINV(.1,n-x, x+1).
The .1 is used because we want to be (1-.1)100% = 90% confident. The quaity professona suspects
that x (the number of successful launches) will be equd to n (the number of misslestested). Using
different vaues for n and x the quality engineer can play “what if?” As an example, see the following

table that can eadly be generating using equation (??) in Microsoft EXCEL.

Successiul Number of | 90% lower confidence bound on the proportion of
Launches(X) | Launches(n) | misslesthat will work. 1-BETAINV(.1,n-X, X+1).
9 9 77
10 10 .79
11 11 81
11 12 g1
6. Summary

If the norma gpproximation to the binomia digtribution is not valid, it is sill possble to obtain

confidence intervas for the population proportion. This paper has discussed how to build such



confidence intervals. In addition an Excd spreadsheet (Cl_P.XLYS) has been designed to perform this
anayss. A copy of this spreadsheet can be obtained from the author.
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